We theoretically investigate mid-infrared electromagnetic wave propagation in multilayered graphene-hexagonal boron nitride (hBN) metamaterials. Hexagonal boron nitride is a natural hyperbolic material that supports highly dispersive phonon polariton modes in two Reststrahlen bands with different types of hyperbolicity. Due to the hybridization of surface plasmon polaritons of graphene and hyperbolic phonon polaritons of hBN, each isolated unit cell of the graphene-hBN metamaterial supports hybrid plasmon-phonon polaritons (HPPs). Through the investigation of band structure of the metamaterial we find that, due to the coupling between the HPPs supported by each unit cell, the graphene-hBN metamaterial can support HPP bands. The dispersion of these bands can be noticeably modified for different thicknesses of hBN layers, leading to the appearance of bands with considerably flat dispersions. Moreover, analysis of light transmission through the metamaterial reveals that this system is capable of supporting high-k propagating HPPs. This characteristic makes graphene-hBN metamaterials very promising candidates for the modification of the spontaneous emission of a quantum emitter, hyperlensing, negative refraction, and waveguiding.
INTRODUCTION
Heterostructures composed of graphene and hexagonal boron nitride (hBN) have recently attracted a great deal of attention due to their unusual electronic band structure, which is sensitive to the crystallographic alignment between graphene and hBN [1] [2] [3] and also because of their optical properties [4] [5] [6] . hBN is a natural hyperbolic material, for which the dielectric constants are the same in the basal plane (ϵ t ≡ ϵ x ϵ y ) but have opposite signs (ϵ t ϵ z < 0) in the normal one (ϵ z ) in the mid-infrared (mid-IR) region. Owing to this property, finite-thickness slabs of hBN act as multimode waveguides for the propagation of hyperbolic phonon polariton collective modes that originate from the coupling between photons and electric dipoles in phonons [7] [8] [9] . On the other hand, graphene has been demonstrated to be a good candidate to support surface plasmon polaritons for tunable plasmonics in the mid-infrared and terahertz ranges, owing to the possibility of electrostatic doping and its ability to produce higher confinement and lower losses compared to the noble metals [10] [11] [12] [13] [14] [15] [16] . Since both graphene plasmons and hBN phonons reside in the mid-IR, the optical properties of graphene-hBN heterostructures would allow one to marry the advantage of their constituents: electrical tunability in the former and high quality factor of the latter. Therefore, recently it has been investigated theoretically [4] and verified experimentally [5, 6, 9] that, due to the hybridization of surface plasmon polaritons in graphene with the hyperbolic phonon polaritons of a thin film of hBN, the hyperbolic polaritons can be effectively modulated in a van der Waals heterostructure composed of a monolayer of graphene on hBN. Consequently, the eigenmodes of the graphene-hBN metastructure are hybrid plasmon-phonon polaritons (HPPs) [9] . The HPPs in graphene-hBN suffer little from ohmic losses, making their propagation length 1.5-2.0 times greater than that of hyperbolic phonon polaritons in hBN [5] .
Similar to the natural hyperbolic materials, e.g., hBN, hyperbolic metamaterials (HMMs) [13] [14] [15] [16] [17] [18] can also support modes with infinitely large wave vectors (high-k modes). Indispersion of TM-polarized propagating waves. The high-k modes are evanescent in isotropic media but become propagating in indefinite/hyperbolic ones. As a result, the photonic density of states becomes unbounded in these systems, giving rise to a variety of potential applications, such as hyperlensing [19] , engineering of spontaneous emission, broadband Purcell effect, subwavelength imaging, negative refraction, and waveguiding [20] [21] [22] . In fact, high-k propagating waves in HMMs are volume or Bloch plasmon polaritons. The volume plasmon polariton bands in a metal-based HMM are formed by coupling of short-range surface plasmon polariton excitations in the individual metal layers [23] . Similarly, in a graphene-dielectric metamaterial, the same mechanism also leads to the formation of the Bloch propagating bands [24] . Depending on the desired range of frequency, the multilayered realization of HMMs may consist of alternating subwavelength layers of dielectric and semiconductor/plasmonic materials, such as Au, Ag, AZO, ITO, and graphene [25] [26] [27] [28] [29] . Recently, it has also been reported that it is possible to combine the properties of hyperbolic metamaterials and those of photonic crystals [30] in a new class of artificial structures called hypercrystals [31] . Hypercrystals can be made of the periodic arrangements of metal and a hyperbolic medium, dielectric and a hyperbolic medium, or two different hyperbolic media. It is noteworthy that the hyperbolic medium can either be a natural material with hyperbolic dispersion, such as bismuth [32] , or an artificial one, i.e., HMM [31] . The photonic hypercrystals have also perceptible potential applications, such as guiding [31] and the broadband enhancement of spontaneous emission [33] . Moreover, the multilayered structure of the graphene-hBN subwavelength stack can also be considered as a hypercrystal, as far as the effective medium theory (EMT) does not break down. As a result, considering a finite thickness for multilayered graphene sheets in the graphene-hBN hypercrystal and using the EMT approach, it has been demonstrated that it is possible to obtain negative refraction [34] and broadband absorption [35] by this system in the mid-IR region. To the best of our knowledge, the band structure of multilayered graphene-hBN metamaterials (GhMMs), which can act as either hypercrystal or metamaterial, and the appearance of high-k modes in their band structure have not yet been investigated.
In the present paper, in Section 2, considering graphene as a two-dimensional sheet with the optical conductivity of σ g , first we obtain TE and TM Bloch dispersion relations of GhMMs. Then, using the transfer matrix method (TMM), the analytical transmission relation of this system will be derived. Finally, in Section 3, we will compare the numerical results of the band structure calculations with the transmission of the GhMMs and investigate the high-k HPPs supported by these structures. It should be noticed that since the HPs of a thin film of hBN are highly dispersive for large values of wavenumbers, for which the EMT approximation may break down, we investigate the multilayered graphene-hBN structures using exact analytical dispersion relations. Therefore, we call these structures metamaterials, not hypercrystals.
MATH AND EQUATIONS
As depicted in Fig. 1(a) , we suppose that each unit cell of the GhMM is composed of a parallel-plate waveguide of graphene separated and bounded with hBN thin films of width t. We refer to this unit cell as a hBN/graphene/hBN/graphene/hBN metastructure or briefly hGhGh. Accordingly, the schematic of the graphene-hBN metamaterial is also depicted in Fig. 1(b) .
TM and TE boundary conditions for a single graphene sheet as a 2D layer with surface conductivity of σ g [25] placed in z 0 and bounded with an isotropic medium of ϵ A and hBN as a uniaxially anisotropic medium with permittivity tensor ϵ hBN diagϵ t ; ϵ t ; ϵ z may be expressed as
and Now, combining the methods used in Refs. [36, 37] and applying the TM boundary conditions [Eq. (1)], the Bloch dispersion relation of the GhMM for TM polarization is given by
where K B is the Bloch wavenumber. Moreover, the corresponding dispersion relation for TE polarization is obtained as cosK B t cosk h;TE t
where
Furthermore, in order to be able to examine the origin of the bands that appear in the TM-projected band structure of the GhMMs, we also would like to obtain a TM dispersion relation of guided HPP modes supported by one isolated unit cell of the structure, i.e., hGhGh metastructure [see Fig. 1(a) ]. To this aim, we consider H y as
H 3 e ik h;TM zt∕2 z <−t∕2
Then, by applying the TM boundary conditions in Eq. (6), we arrive at the dispersion relation of the guided modes supported by the hGhGh unit cell as
where η i αk h;TM ∕ϵ t . It is also worth investigating the transmission spectrum of the graphene-hBN metamaterial to be able to get more insight into how transmissive the modes that appeared in the projected band structure of the metamaterial are. Using the TMM approach, we consider an N-layer graphene-hBN metamaterial that is bounded with isotropic medium with ϵ A . The first layer of the metamaterial is considered to be a single graphene sheet placed at z 0. Applying the boundary conditions for TM polarizations [Eq. (1)] on
H i e ik A z H r e −ik A z ; z <0 H n1 e ik h;TM z−n−1t H n2 e −ik h;TM z−n−1t ; n − 1t < z < nt H t e ik A z−nt ; z >nt
where n 1; 2; 3; …; N , the analytical relation for transmission of light through the metamaterial can be expressed as
Here, for TM polarization, 
For TE polarization, by applying the appropriate boundary conditions on
E i e ik A z E r e −ik A z ; z <0 E n1 e ik h;TE z−n−1t E n2 e −ik h;TE z−n−1t ; n − 1t < z < nt E t e ik A z−nt ; z >nt
the transmission relation can be obtained similar to Eqs. (9) and (10), while 
RESULTS AND DISCUSSION
In this section, first we investigate the band structure of the graphene-hBN multilayer metamaterial, which is schematically shown in Fig. 1 
(b), for different values of hBN thickness (t).
Here, we chose T 300 K, μ 0.2 eV, and τ 0.2 ps in our calculations for the optical conductivity of graphene, unless otherwise stated. Furthermore, following Refs. [6, 8] , the parameters for the calculation of hBN permittivity in Eq. (2) are taken as ϵ ∞;x 2.95, ϵ ∞;z 4.87, ω LO;x 1610 cm −1 , ω TO;x 1370 cm −1 , ω LO;z 830 cm −1 , ω TO;z 780 cm −1 , Γ x 4 cm −1 , and Γ z 5 cm −1 . In addition, in the calculations of transmission, we take ϵ A as 1. Normal incidence (β 0) band structures of the GhMM for different periodicities are illustrated in Fig. 2 . These results are represented for both lossy cases and lossless ones; for the latter, Imσ g and Reϵ hBN are taken into account. Therefore, it is possible to apply the j cosK B tj < 1 condition on the answers obtained from Eq. (1) to be able to realize the propagating and forbidden Bloch modes of the metamaterials for the lossless cases [ Figs. 2(a) , 2(c), and 2(e)].
As seen in Figs. 2(c) and 2(d), for normal incidence, the GhMMs do not support a propagating mode in the ω TO;x < ω < ω upper edge region, for which ω upper edge shifts toward ω LO;x for large enough hBN thicknesses (t ≥ 100 nm). In the mentioned region, the RH2 band, Eq. (1) supports no answer [ImK B ≠ 0], while for the propagating modes, ImK B 0. In contrast to these figures, as long as the thickness of hBN layers is taken small enough (t ≤ 10 nm), the propagating modes of the metamaterial are supported within a limited region in 1070 cm −1 < ω < ω TO;x for normal incidence. The presence of flat bands at ω TO;x in the band structure of the metamaterial for normal incidence is another point that should be emphasized. As seen in Fig. 2 , dispersion of these flat bands approaches ω TO;x for K B t∕π → 1, which resembles the dispersion of the modes supported by a lossless isotropic polaritonic bulk material. Similar to the ones supported by polaritonic photonic crystals [38, 39] , the appearance of the flat bands in the band structure of the GhMMs is directly due to the coupling of HPPs supported by hGhGh unit cells in the structure. More investigations on the typical band structure (ω − K B ) of the system reveal that, for the nonzero values of β, these flat bands are mostly limited in the first and the second RH bands for TM polarizations, while for TE polarizations they are not supported. For the lossy case, for which the complex values of ϵ hBN and σ g are taken into account, the normal incidence band structures of the metamaterial for different thicknesses are illustrated in Figs. 2(b) , 2(d), and 2(f). In this case, since K B is complex, it is not possible to apply the j cosK B tj < 1 condition on the answers to separate modes with the zero and nonzero values of ImK B . Consequently, for the mentioned panels of Fig. 2 , we illustrate the results by considering both the real and imaginary values of K B . Similar to the lossless cases, ImK B of the propagating modes of the metamaterials have very small values [note that ImK B t∕π of the propagating modes is zero and of the order of 10 −4 for the lossless and lossy cases, respectively]. As expected, for nonpropagating modes ImK B ≫ ReK B , when the values of ImK B and ReK B are comparable, low-propagating modes are supported by the system. Moreover, the modes with ImK B ≪ ReK B can propagate through the metamaterial with high transmission values. Furthermore, in contrast to the band structure of the lossless cases, it can be seen in Figs. 2(b), 2(d) , and 2(f) that for the lossy system the propagating band approaches a maximum, finite value of ReK B t∕π at ω TO;x and then changes its slope toward larger frequencies. Since there are fair agreements between the typical band structures of the lossless and lossy cases, hereinafter we investigate the projected band structure and transmission of the propagating modes of GhMMs neglecting the losses in the metamaterial.
In agreement with Fig. 2(a) , the projected band structure of the GhMM for t 10 nm is illustrated in Fig. 3(a) for both TM and TE polarizations. In this figure, pink (green) and white regions represent the allowed and forbidden bands of the metamaterial for TM (TE) polarizations. Moreover, the dashed lines distinguish the boundaries of the RH1 and RH2 bands in which a film of hBN supports hyperbolic phonon polaritons of type I and II, respectively. As seen from the TE band structure, the propagating modes are supported in a very limited region outside of the RH bands within 1064 < ωcm −1 < 1370. On the other hand, for TM polarization, because of the coupling between the supported HPPs by each unit cell of the metamaterial, the band structure is drastically different than that of TE polarization. To be able to gain more insight into the origin of the propagating bands (allowed bands) of the structure, the dispersion of the guided HPPs supported by one isolated unit cell of the metamaterial, i.e., hGhGh metastructure, is also illustrated by solid-blue curves in Fig. 3(a) leads to the appearance of hyperbolic plasmon-phonon polaritons, the HP 3 modes. Following the terminology established in Ref. [5] , SP 3 modes are surface plasmon-phonon polaritons of each hGhGh unit cell that are the collective modes that exist outside the hBN hyperbolic bands, i.e., RH bands. From Fig. 3(a) , it is clearly observed that there is an excellent agreement between the band structure of the GhMM and the dispersion trends of the HP 3 and SP 3 modes of the hGhGh unit cell. Consequently, we classify the propagating bands of the graphene-hBN metamaterial in the mid-IR region to the following five bands: three SP 3 and two HP 3 bands. With this appellation, it is very straightforward to understand that the SP 3 bands of the metamaterial appear due to the coupling between the corresponding modes of the hGhGh unit cells. The same physics also stands behind the creation of HP 3 hyperbolic bands that are supported in the RH regions. It is noteworthy to highlight this point that due to the same coupling mechanism, metal-based [23] and graphene-based [24, 28, 42] metamaterials are also capable of supporting such propagating bands. At the k h t ≪ 1 condition, for which the effective medium approximation is valid, neither the phase nor the amplitude of a propagating wave varies significantly across the thickness of any layer in the metamaterial. This condition is called the "subwavelength condition" for HMMs [23] . It should be pointed out that in conventional media the subwavelength condition can simply be t∕λ ≪ 1 due to the elliptical dispersion relation, which restricts the range of possible β values. In hyperbolic metamaterials, the "subwavelength condition" breaks down for some large β no matter how thin the layers are. According to Fig. 3(a) , the dispersion characteristics of SP 3 and HP 3 bands of the structure under our consideration in this paper are mostly noticeable in the regions in which the subwavelength condition breaks down, i.e., in βt > 1 regions. Consequently, as also mentioned before, in this paper we generally call the graphene-hBN multilayer structure "metamaterial" instead of "hypercrystal" [31, 34] . Another point regarding Fig. 3(a) is the presence of very flat HP 3 (in the RH1 band) and SP 3 bands (around ω TO;z ). This characteristic makes the GhMM with t 10 nm a very appropriate candidate for slow light applications within 700 cm −1 < ω < ω LO;z . It should be noted that the projected band structure of the metamaterial has been illustrated using Eqs. (4) and (5) . These equations were derived based on the Bloch theorem with the consideration of an infinite number of the periods in the calculations. In order to be able to obtain practical insight into the minimum number of periods that need to be used in the fabrication of the metamaterial, by taking 10 periods in the calculations we investigated the transmission of light passing through the system for both TE and TM polarizations. The corresponding result is illustrated in Fig. 3(b) . By comparing Figs. 3(a) and 3(b) , it is seen that there is a fair agreement between the allowed and forbidden bands represented in the projected band structure with the propagating and blocked modes shown in the transmission plot. More investigations reveal that by increasing the number of the periods in the calculations, it is possible to reach a better agreement between the projected band structure and transmission results. From Fig. 3(b) , it is observed that some modes with βt < 3, ω LO;z < ω < 1200 cm −1 , and ω > ω TO;x can propagate inside the metamaterial with high transmission. These waves are, in fact, the high-k propagating HPPs supported by the metamaterial. As a result, because of their resemblance to the volume plasmon polaritons supported by metallic hyperbolic metamaterial [20] , they can be considered as volume hybrid plasmon-phonon polaritons supported by the GhMM. In an effort to uncover the impact of the hyperbolic phonons of hBN thin films on the transmission of light passing through the metamaterial, concurrent calculations are performed for fictitious isotropic materials with permittivity (ϵ f ) equal to ϵ z [ Fig. 3(c) ] and ϵ t [ Fig. 3(d) ] of hBN. It is seen from these panels that (i) the propagating modes supported by the isotropic cases are not supported for high-k values; they are mostly low-k propagating modes (βt < 1), (ii) for ϵ t ϵ z , the low-k modes, which possess the characteristics of plasmon polaritons, are supported outside of the RH regions, (iii) in the ϵ t ϵ x case, the low-k modes hold the characteristics of phonon polaritons and are limitedly supported in the RH regions.
For t 50 nm, the projected band structure of the GhMM together with the dispersion of HPPs of the isolated hGhGh unit cell are shown in Fig. 4(a) . From this figure, it is clearly observed that increasing the thickness of the hBN layers from 10 to 50 nm causes the SP 3 and HP 3 modes of hGhGh to be supported at larger wavenumbers. This change leads to pushing the SP 3 and HP 3 bands of the metamaterial to larger wavenumbers than that of the t 10 nm case, accordingly. By comparing the TM band structure represented in Fig. 4(a) with the one illustrated in Fig. 3(a) it is understood that for t 50 nm, the widths of SP 3 bands are considerably decreased, while the HP 3 band widths are noticeably increased. In addition, in this case flat SP 3 bands around ω LO;x can be supported for small values of β, while, as mentioned before, these flat bands are supported by the t 10 nm GhMM around ω TO;z for large values of β. In agreement with Fig. 4(a) , the transmission of the propagating high-k HPPs are illustrated in Fig. 4(b) . It is clear from this figure that the GhMM with t 50 nm is more capable of supporting high-k propagating HP 3 and SP 3 modes for ω > ω TO;x . In contrast, for this structure, low-k propagating HPPs can be supported for ω < ω TO;z and ω TO;x < ω < 1650 cm −1 . The projected band structure of the metamaterial for t 100 nm [ Fig. 5(a) ] shows that the HPP bands are mostly supported in the RH regions in this case. Moreover, SP 3 bands with an almost flat dispersion can also be supported in a very narrow region in ω LO;x < ω < 1620 cm −1 for a broad range of β. In accordance with the projected band structure, considering 10 layers of hBN in the calculations, Fig. 5(b) proves that for t 100 nm more high-k propagating modes that mostly possess HP 3 characteristics can be supported by GHMM at ω > ω TO;x , compared with the t 50 nm and t 10 nm cases.
The tunability of the low-and high-k propagating HPP modes of the GhMM through the tuning of the chemical potential of graphene is the last point about the high-k propagating HPPs that we would like to highlight. As is seen in Figs. 6(a)-6(d) , by adjusting μ it is possible to considerably amend the type of HPP bands from HP 3 to SP 3 and vice versa. This characteristic makes GhMMs highly capable of having potential applications in tunable plasmonic/phononic devices.
CONCLUSION
We have theoretically examined the light propagation through a multilayered graphene-hBN metamaterial for both TE and TM polarizations. Each unit cell of the metamaterial supports hybrid plasmon-phonon polaritons for TM polarization. It has been found that due to the coupling between the HPPs of the unit cells, HPP bands appeared in the projected band structure of the GhMMs. These bands have considerably flat dispersions in some frequency regions that make this system very useful for slow light applications. We have classified the HPP bands to HP 3 and SP 3 ones. The HP 3 bands, which are located in the Reststrahlen regions of hBN, are formed by mixing the surface plasmon polaritons of graphene and hyperbolic phonons of hBN, while the SP 3 bands, existing outside of the hBN RH regions, possess the characteristics of typical surface plasmon polaritons of graphene. Moreover, by the investigation of light transmission through the graphene-hBN metamaterials we have found that the HP 3 and SP 3 bands are in fact high-k propagating HPPs and their type and propagation within the metamaterial can be considerably modified by the thickness of hBN and the chemical potential of graphene layers. As a result, this characteristic makes the GhMMs particularly promising for control over radiation of a quantum emitter, hyperlensing, negative refraction, and waveguiding. 
